The critical behavior of the two-dimensional N -vector cubic model is studied within the field-theoretical renormalization-group (RG) approach. The β functions and critical exponents are calculated in the five-loop approximation, RG series obtained are resummed using Padé-Borel-Leroy and conformal mapping techniques. It is found that for N = 2 the continuous line of fixed points is well reproduced by the resummed RG series and an account for the five-loop terms makes the lines of zeros of both β functions closer to each other. For N 3 the five-loop contributions are shown to shift the cubic fixed point, given by the four-loop approximation, towards the Ising fixed point. This confirms the idea that the existence of the cubic fixed point in two dimensions under N > 2 is an artifact of the perturbative analysis. In the case N = 0 the results obtained are compatible with the conclusion that the impure critical behavior is controlled by the Ising fixed point.
Introduction
The two-dimensional (2D) model with N-vector order parameter and cubic anisotropy is known to have a rich phase diagram; it contains, under different values of N and of the anisotropy parameter, the Ising-like and Kosterlitz-Thouless critical points, lines of the first-order phase transitions, and the line of the second-order transitions with continuously varying critical exponents (see, e. g. [1] [2] [3] 
for review).
This model is related to many other familiar models in various particular cases, while for N → 0 it describes the critical behavior of 2D weakly disordered Ising systems. Moreover, exact solutions are known for the 2D cubic model in the several limits such as an Ising decoupled limit, the limit of extremely strong anisotropy for N > 2 [2, 4] and the replica limit N → 0 [2, 5, 6] . The mappings, in particular regions of the phase diagram, with the N-color Ashkin-Teller models, discrete cubic models, and planar model with fourth order anisotropy give further information about the critical behavior. All these issues are reviewed in [3] and we will not repeat here. These features make the 2D N-vector cubic model a convenient and, perhaps, unique testbed for evaluation of the analytical and numerical power of perturbative methods widely used nowadays in the theory of critical phenomena. The field-theoretical renormalization-group (RG) approach in physical dimensions is among of them.
Recently, the critical behavior of the 2D N-vector cubic model was explored using the renormalization-group technique in the space of fixed dimensionality [3] . The four-loop expansions for the β-functions and critical exponents were calculated and analyzed using the Borel transformation combined with the conformal mapping and Padé-approximant techniques as a tool for resummation of the divergent RG series. The most part of predictions obtained within the renormalization group approach turned out to be in accord with the known exact results. At the same time, some findings were quite new. In particular, for N > 2 the resummed four-loop RG expansions for β-functions were found to yield a cubic fixed point with (almost) marginal stability; this point does not correspond to any of the critical asymptotes revealed by exact methods ever applied. Although the stability properties of the cubic fixed point look very similar to those of its Ising counterpart, these points were found to lie too far from each other (for moderate N) to consider the distance between them as a splitting caused by the limited accuracy of the RG approximation employed.
It is worth noting that this situation is quite different from what we have in three dimensions. Indeed, for the 3D cubic model the structure of the RG flow diagram is known today with a rather high accuracy. Recent five-loop [7] [8] [9] and six-loop [10, 11] RG calculations certainly confirmed that for N > 2 the cubic fixed point does not merge with any other fixed point and governs the specific anisotropic mode of critical behavior, distinguishable from the Ising and Heisenberg modes (see, e. g. [12] ).
It is very desirable, therefore, to clear up to what extent the location of the cubic fixed point in two dimensions is sensitive to the order of the RG calculations and, more generally, whether this point really exists at the flow diagram or its appearance is the approximation artifact caused by the finiteness of the perturbative series and by an ignorance of the confluent singularities significant in two dimensions [13] [14] [15] [16] .
Of prime interest is also the situation with the line of fixed points that should run, under N = 2, from the Ising fixed point to the Heisenberg one. Within the four-loop approximation, the zeros of β-functions for the O(N)-symmetric and anisotropic coupling constants form two lines that for N = 2 are practically parallel to each other and separated by the distance that is smaller than the error bar appropriate to the working approximation [3] . Will the higher-order contributions keep these two lines parallel? Will an account for the higher-order terms further diminish the distance between these lines or their splitting should be attributed, at least partially, to the effect of the singular terms just mentioned?
To answer the above questions, it is necessary to analyze the critical behavior of the 2D cubic model in the higher perturbative orders. Recently, the renormalizationgroup expansions for the 2D O(N)-symmetric model were obtained within the fiveloop approximation [15] . In the course of this study, all the integrals corresponding to the five-loop four-leg and two-leg Feynman graphs have been evaluated. This makes it possible to investigate the critical thermodynamics of anisotropic 2D models with several couplings in the five-loop approximation. In this paper, such an investigation will be carried out for the 2D N-vector model with cubic anisotropy.
Renormalization group expansions
In order to study the effect of cubic anisotropies one usually considers the φ 4 theory [17, 18] :
in which the added cubic term breaks explicitly the O(N) invariance leaving a residual discrete cubic symmetry given by the reflections and permutations of the field components. In two dimensions the effect of anisotropy is particularly important: systems possessing continuous symmetry do not exhibit conventional long-range order at finite temperature, while models with discrete symmetry do undergo phase transitions into conventionally ordered phase.
In general, the model (1) has four fixed points: the trivial Gaussian one, the Ising one in which the N components of the field decouple, the O(N)-symmetric and the cubic fixed points. The Gaussian fixed point is always unstable, and so is the Ising fixed point for d > 2 [17] . Indeed, in the latter case, it is natural to interpret equation (1) as the Hamiltonian of N Ising-like systems coupled by the O(N)-symmetric term. But this interaction is the sum of the products of the energy operators of the different Ising systems. Therefore, at the Ising fixed point, the crossover exponent associated with the O(N)-symmetric quartic term should be given by the specific-heat critical exponent α I of the Ising model, independently of N. Since α I is positive for all d > 2 the Ising fixed point is unstable. Obviously, in two dimensions this argument only told us that the crossover exponent at this fixed point vanishes. Higher order corrections to RG equation may lead either to a marginally stable fixed point or to a line of fixed points. It was argued that for N 3 the first possibility is realized, while for N = 2 the second one holds (see [1] [2] [3] and references therein).
The stability properties of the O(N)-symmetric and of the cubic fixed points depend on N. For sufficiently small values of N, N < N c , the O(N)-symmetric fixed point is stable and the cubic one is unstable. For N > N c , the opposite is true: the renormalization-group flow is driven towards the cubic fixed point, which now describes the generic critical behavior of the system. At N = N c , the two fixed points should coincide for d > 2. At d = 2, it is expected that N c = 2 and a line of fixed points connecting the Ising and the O(2)-symmetric fixed points exists [1, 3] .
The fixed-dimension field-theoretical approach is known to be a powerful tool in studying the critical properties of three-dimensional systems belonging to the O(N) and more complicated universality classes (see, e.g., [18] [19] [20] ). In this approach one performs an expansion in powers of appropriately defined zero-momentum quartic couplings and renormalizes the theory by a set of zero-momentum conditions for the (one-particle irreducible) two-point and four-point correlation functions:
They relate the inverse correlation length (mass) m and the zero-momentum quartic couplings u and v to the corresponding Hamiltonian parameters r, u 0 , and v 0 :
In addition, one introduces the function Z t defined by the relation
where Γ (1, 2) is the (one-particle irreducible) two-point function with an insertion of φ 2 /2. From the pertubative expansions of the correlation functions Γ (2) , Γ (4) , and Γ (1, 2) and the above relations, one derives the functions
, and Z t (u, v) as double expansions in u and v. The fixed points of the theory are given by the common zeros of the β-functions
The stability properties of the fixed points are controlled by the eigenvalues ω i of the matrix
computed at the given fixed point: a fixed point is stable if both eigenvalues are positive. The eigenvalues ω i are related to the leading scaling corrections, which vanish as ξ −ω i ∼ |t| ∆ i where ∆ i = νω i . One also introduces the functions
so that the critical exponents are obtained from
where (u * , v * ) is the position of the stable fixed point. Here, we present the perturbative expansions of the RG functions (6) and (8) up to five loops. The results are written in terms of the rescaled couplings
where R N = 9/(8 + N). Table 1 . The coefficients b
(u) ij , cf. equation (13) . The resulting series arē
The coefficients b
ij , and e (t) ij are reported in the tables 1, 2, 3, and 4. Note that due to the rescaling (17), the matrix element of Ω are two times the derivative ofβ with respect to u and v. Table 2 . The coefficients b (v) ij , cf. equation (14) . We have verified the exactness of our series by the following relations:
(i)β u (u, 0), η φ (u, 0) and η t (u, 0) reproduce the corresponding functions of the O(N)-symmetric model [15, 21] .
(ii)β v (0, v), η φ (0, v) and η t (0, v) reproduce the corresponding functions of the Ising-like (N = 1) φ 4 theory. 
and Ising fixed points [23] R
No analog of such relations exists close to the Ising fixed point for η t .
(iv) The following relations hold for N = 1: 
(v) For N = 2, one can easily obtain the identities [24, 3] 
These relations are also exactly satisfied by our five-loop series. Note that, since the Ising fixed point is (0, g * I ), and g * I is known with high precision [25] 
the above symmetry gives us the location of the cubic fixed point: ((5/3)g * I , −g * I ). (vi) In the large-N limit the critical exponents of the cubic fixed point are related to those of the Ising model: η = η I and ν = ν I . One can easily see that,
, where η I (v) is the perturbative series that determines the exponent η of the Ising model. Therefore, the first relation is trivially true. On the other hand, the second relation ν = ν I is not identically satisfied by the series, and is verified only at the critical point [10] .
(vii) The series reproduces the previous four-loop results [3] .
The obtained RG series are asymptotic and some resummation procedure is needed to extract accurate numerical values for the physical quantities. Exploiting the property of Borel summability of φ 4 theories in two and three dimensions, we resum the divergent asymptotic series by a Borel transformation combined with a method for the analytic extension of the Borel transform. This last procedure can be obtained by a Padé extension or by a conformal mapping [26] which maps the domain of analyticity of the Borel transform onto a circle (see [19, 26] for details).
The conformal mapping method takes advantage of the knowledge of the large order behavior of the perturbative series
where u b (z) is the singularity of the Borel transform closest to the origin at fixed z =v/ū, given by [3]
where a = 0.238659217 . . . It should be noted that these results do not apply to the case N = 0. Indeed, in this case, additional singularities in the Borel transform are expected [27] .
For each perturbative series R(ū,v), we obtain the following approximants
where
and the coefficients B k are determined by the condition that the expansion of E(R) p (α, b; u, v) in powers of u and v gives R(u, v) to order p. Within the second resummation procedure, the Borel-Leroy transform is analytically extended by means of a generalized Padé approximant technique, using the resolvent series trick (see, e. g. [9] ). Explicitly, once introduced the resolvent series of the perturbative one R(ū,v)
which is a series in powers of λ with coefficients being uniform polynomials in u, v. The analytical continuation of the Borel transform is the Padè approximant [N/M] in λ at λ = 1. Obviously, the approximant for each perturbative series depends on the chosen Padé approximant and on the parameter b. An important issue in the fixed dimension approach to critical phenomena (and in general of all the field theoretical methods) concerns the analytic properties of the β-functions. As shown in [16] for the O(N) model, the presence of confluent singularities in the zero of the perturbative β function causes a slow convergence of the results given by the resummation of the perturbative series to the correct fixed point value. The O(N) two-dimensional field-theory estimates of physical quantities [15, 26] are less accurate than the three-dimensional ones due to the stronger nonanalyticities at the fixed point [13, 14, 16] , to say nothing about the stronger growth of the series coefficients themselves. In [16] it is shown that the nonanalytic terms may cause large imprecisions in the estimate of the exponent related to the leading correction to the scaling ω. At the same time, the result for the fixed point location turns out to be a rather good approximation of the accurate one.
Analysis of five loop series

Stability of O(N ) and Ising fixed points
First of all, we analyze the stability properties of the O(N)-symmetric fixed point. Since ∂ u β v | (u,0) = 0, the stability of the fixed point with respect to an anisotropic cubic perturbation is given by
where u * is the fixed-point value of the O(N) vector model. In table 5 we report the results for ω 2 for several values of N. The O(N) fixed point results unstable for N 3. For N = 2 our result is compatible with ω 2 = 0, which is essential in the context of a continuous line of the fixed points expected. Then we focus our attention on the stability properties of the Ising fixed point. Also in this case the stability is given by
where v * is the fixed-point value of the Ising model (24) . As expected, the series
The fixed point value of this exponent is ω 
Analysis for N 3
We first analyze the position of the cubic fixed point for N 3, previously found in the four-loop approximation [3] . It was claimed in [3] that the quite peculiar features of this fixed point (like the marginal instability) make its existence quite doubtful and that it might be an artifact of the relatively short series available at that time. Now we are in position to analyze longer series and to further confirm or to reject this statement. The results obtained with the conformal mapping methods are reported in table 6 together with the old four loop results, in order to make the comparison visible at first sight. This table shows that the position of the cubic fixed point drastically moves close to the Ising fixed point with increasing the order of perturbation theory from four to five loops. Both at four and at five loops, the quoted errors are less than the difference between the two estimates, leading to the conclusion that the reported uncertainty is actually an underestimate of the correct one. We remind to the reader that this error comes from the so-called stability criterion, i. e. it is obtained looking at those approximants that minimize the difference between the estimates at the two highest available orders. These considerable discrepancies between the fourand five-loop results lead to serious doubts in the existence of the cubic fixed point in two dimensions.
In order to better understand these strange results, we report the values of the coordinate u * obtained for the cubic fixed point using several Padé approximants for N = 0, 3, 4, 8; the estimates are presented in figure 1 Because of the alternative character of RG expansions, it looks very likely that the unknown six-loop contribution (and the higher-order ones) will locate the stability region somewhere near b ∼ 1, leading finally to the coalescence of the Ising and cubic fixed point. According to this scenario, the cubic fixed point, found at finite order in perturbation theory, is probably only an artifact due to the finiteness of the perturbative series.
The same scenario is also possible for other values of N. From figure 1 we see that the region of maximum stability always shifts from b ∼ 0 to b ∼ 2 with increasing the order of approximation from four to five loops, moving the coordinate of the fixed point from u * ∼ 0.5 for N = 4 (u * ∼ 0.2 for N = 8) to u * ∼ 0.3 (u * ∼ 0.1). Let us stress again that the value given by the approximant [4/1] with b = 1 is always very close to zero, as is seen from table 6. Note that, with increasing N, the distance of the cubic fixed point from the Ising one reduces fastly.
In the limit N → ∞ the series simplify as at the four-loop level (see [3] ). We only mention that with increasing the length of the RG series the coordinate u * of the cubic fixed point shifts from u * ∼ 0.08 to u * ∼ 0.03 that again is much closer to zero.
Finally, we briefly discuss the fate of the random fixed point governing the critical behavior of the weakly-disordered Ising model which is described by the Hamiltonian (1) in the replica limit N → 0. We do not use here advanced resummation procedures developed [28] to avoid Borel non-summability at fixed u/v [27], but limit ourselves by a simple Padé analysis, since it is sufficient for our aims. We find, for the majority of the considered approximants, a fixed point with negative u * . A possible estimate, according to stability criteria is u * = −0.1(1), but if we concentrate on some certain approximants we obtain u * = −0.090 for the [3/1] and u * = −0.030 for the [4/1] (both with b = 1). In particular, the last value is very close to zero, i. e. to the value predicted by the asymptotically exact solution that has been obtained in the framework of the fermionic representation [2, 5, 6] . It is worth noting that the fiveloop results for N = 0 seem to be less scattered than analogous four-loop estimates obtained by means of Chisholm-Borel resummation technique [29] , and they look more precise than their five-loop counterparts for finite N.
Analysis for N = 2
The four-loop analysis of [3] for N = 2 turned out to be compatible with the presence of a line of the fixed points joining the O(2)-symmetric and the decoupled Ising fixed points. The lines of zeros of the two β functions were found to be practically parallel and the quoted error was bigger than the distance between them. This line of fixed points with continuously varying critical exponents is in agreement with what is expected from the correspondence, at the critical point, between the cubic model and the Ashkin-Teller and the planar model with fourth-order anisotropy [1, 3] . We are now in a position to verify this statement at the five-loop level. First, we analyze the series with the conformal mapping method. Again we find that zeros of two β functions form two parallel lines, while the apparent uncertainties seem to be smaller than their separation. Of course, this fact may simply indicate that the model has no fixed point at all. Let us, however, look more attentively at this result and, in particular, at the accuracy of the quoted error. In fact, as we have already seen for N > 2, the error coming from stability criteria is likely an underestimate of the correct one. To better understand the situation, we use the Padé-Borel method. In figure 2 we report the curves of zeros of the two β functions given by several Padé approximants under b = 1, the value that for N > 2 always leads to good results and that is the best for the fixed point values of O(N) and Ising model [15] . The four approximants for β u are always well-defined. They are hardly distinguishable close to the O(2) fixed point and their separation slowly increases moving toward the v-axis. The coordinate of the Ising fixed point v ∼ 1.8 is obtained using the [4/1] approximant, since approximants of [L-1/1] type proved to give rather precise estimates for a fixed point location both in two and three [30, 31] dimensions. The situation is a bit worse for β v function. In fact, the working approximants are well defined close to the Ising fixed point, but approaching the u axis they become defective. The approximant [3/2] First, we check that the smallest eigenvalues of the Ω matrix are compatible with zero, which is a necessary condition for getting a line of fixed points. Some Padé-Borel results are shown in figure 3 . The figure seems somewhat complicated. However, one can realize at first glance that the smallest eigenvalue is always very close to zero.
When evaluating the critical exponents, one should keep in mind that the limit z → 0 is not simply accessible perturbatively since it corresponds to the 2D XY model which is known to behave in a quite specific manner. In particular, it does not undergo an ordinary transition into the ordered phase at any finite temperature and its critical behavior is essentially controlled by the vortex excitations. Such excitations lead to an exponentially diverging correlation length at finite temperature. This behavior cannot be accounted for within the λφ 4 model equation (1) dealt with in this paper. Since a new physics emerges after arriving at the point z = 0, it is natural to assume that the observables as functions of the fixed point location may be non-analytic near this point. Hence, what we really can explore trusting upon our five-loop expansions is a domain corresponding to finite (and not too small) values of z. Oppositely, the limit z → ∞ (or 1/z → 0) looks not at all dangerous in the above sense since it corresponds to the critical behavior close to that of the Ising model, which was shown not to be considerably effected by the non-analytic terms even in two dimensions [15] . Note that the above presented results concerning the line of the fixed point confirm this idea. Indeed, as seen from figure 2, at the "Ising side", i. e. for 0 < u ∼ 0.8, the zeros of both β functions form smooth curves running very close to each other. However, the closer the "XY side" is the stronger the estimates for β function zeros are scattered, probably indicating the increasing impact of non-analytic contributions.
The expected value of η is 1/4 independent of the location of a fixed point within the line. A clever way to check the constantness of η along the line of fixed points is probably to write the RG function in terms of u and x = u + v, i.e. η x (x, u) = η(u, x − u). Then one resums the difference ∆(x, u) = η x (x, u) − η x (x, 0). Along the line for all the five-loop approximants we always find |∆(x, u)| < 8 ×10 −3 . This leads us to conclude that the two-dimensional LGW approach is capable of keeping the constantness of η within an error of 3%. Note that the previous quoted problems about non-analyticities close to the O(2) side do not significantly affect the estimates of η For the exponent y = η − η t = 2 − 1/ν it was conjectured in [3] that it should behave like y = 2 1 + x , where,
A direct reliable quantitative estimate of this exponent is impossible due to the effect of nonanalyticities, in particular close to the O(2) fixed point for the reasons explained above. In fact, we know from [15] that the resummation of y at the Ising fixed point y provides 1.04, very close to the exact value 1. Instead, at the O(2) fixed point one has y ∼ 1.25, which is quite far from a diverging ν, i.e. y = 2. A direct resummation of this exponent is reported in figure 4 , and as expected it seems to reproduce the correct critical behavior only close to the Ising fixed point. In [3] it was proposed to use the method of constraining the exponents to assume the exactly known value along the axes in order to get better quantitative results. We apply here a quite different method of constrained analysis with respect to [3] . Without going into technical details we have preferred to constrain the series of y expressed in terms of u and x = u + v (as previously for the exponent η). The results obtained by Padé-Borel method are again reported in figure 4. They are practically indistinguishable from the unconstrained ones up to x ∼ 0.6, and then they start oscillating, signaling the presence of singularities and of bad quantitative estimates. The conformal mapping results are practically equivalent. The numerical data thus obtained are well fitted by the conjectured curve:
but we are not able to estimate the goodness of our resummation and, as a result, to verify the new conjecture equation (34). Perhaps, the exact behavior of the exponent ν along the line of fixed points requires a new method of analysis of the perturbative series and, in any case, it deserves additional studies on the subject like Monte Carlo simulation or high temperature expansion.
Conclusions
To summarize, the critical behavior of the two-dimensional cubic model with the N-vector order parameter has been studied. The five-loop contributions to the β functions and critical exponents have been calculated and the five-loop RG series have been resummed by means of Padé-Borel-Leroy procedure and using the conformal mapping technique. For N = 2 we have found that the continuous line of fixed points connecting the Heisenberg and the Ising ones is well reproduced by the resummed five-loop RG series. Moreover, the five-loop terms make the lines of zeros of β functions for u and v closer to each other, thus improving the results of the lower-order approximation. For N > 2, the five-loop contributions have been shown to shift the cubic fixed point, given by the four-loop approximation, towards the Ising fixed point. This may be considered as an argument in favor of the idea that the existence of cubic fixed point in two dimensions for N 3 is an artifact of the perturbative analysis. The model with N = 0 describing the critical thermodynamics of 2D weakly-disordered Ising systems has been also studied. The results obtained have been found to be compatible with the conclusion that in two dimensions the impure critical behavior is governed by the Ising fixed point.
